Jordan higher derivations on triangular algebras  by Xiao, Zhankui & Wei, Feng
Linear Algebra and its Applications 432 (2010) 2615–2622
Contents lists available at ScienceDirect
Linear Algebra and its Applications
j ourna l homepage: www.e lsev ie r .com/ loca te / laa
Jordan higher derivations on triangular algebras
Zhankui Xiao, Feng Wei ∗
Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081, PR China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 21 May 2009
Accepted 1 December 2009
Available online 30 December 2009
Submitted by T. Laffey
AMS classiﬁcation:
47B47
47L35
Keywords:
Jordan higher derivation
Triangular algebra
In this paper, we show that any Jordan higher derivation on a trian-
gular algebra is a higher derivation. This extends the main result in
[13] to the case of higher derivations.
Crown Copyright © 2009 Published by Elsevier Inc. All rights
reserved.
1. Introduction
LetR be a commutative ringwith identity andA be an algebra overR. AnR-linearmapping d from
A intoanA-bimoduleM is calleda Jordanderivation ifd(x2) = d(x)x + xd(x) for allx ∈ Aand is said to
be a derivation if d(xy) = d(x)y + xd(y) for all x, y ∈ A. It is called a Jordan triple derivation if d(xyx) =
d(x)yx + xd(y)x + xyd(x) for all x, y ∈ A. Obviously, every derivation is a Jordan derivation. However,
theconverse statement is ingeneralnot true. It iswell knownthatevery Jordanderivationona2-torsion
free algebra is a Jordan triple derivation. The structures and properties of (Jordan-, Jordan triple-)
derivations on matrix algebras and operator algebras were extensively studied in [1,2,4,10,12,13]. In
this related area, there is a natural question which motivates many researchers’ interest: what kind
of algebras can enable a Jordan derivation on themselves to be a derivation? Herstein in [9] proved
that every Jordan derivation on a 2-torsion free prime ring is a derivation. This result was extended to

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the case of semiprime rings by Cusack [7]. He showed that any Jordan derivation on a 2-torsion free
semiprime ring is also a derivation. Furthermore, itwas shown in [3] that every Jordan triple derivation
on a 2-torsion free semiprime ring is a derivation.
Let A,B be unital algebras over a commutative ring R and M be a unital (A,B)-bimodule, which
is faithful as a left A-module and also as a right B-module. The R-algebra
Tri(A,M,B) =
{(
a m
0 b
)
: a ∈ A, m ∈ M, b ∈ B
}
under the usual matrix operations is said to be a triangular algebra. For convenience, we write U =
Tri(A,M,B). Cheung [4] ﬁrst introduced the notion of triangular algebras, and then investigated the
commuting mappings and Lie derivations on triangular algebras [5,6]. Benkovicˇ [2] studied Jordan
derivations on triangular matrices over commutative rings and found that any Jordan derivation from
the algebra of all upper triangular matrices into its arbitrary bimodule is the sum of a derivation and
an antiderivation. This result was developed by Zhang and Yu in [13] by showing that every Jordan
derivation of triangular algebras is a derivation. The main objective of this note is to generalize Zhang
and Yu’s result to the case of Jordan higher derivations.
2. The main results
Let us ﬁrst recall some basic facts concerning Jordan higher derivations on an associative algebra.
Many different kinds of higher derivations, which consist of a family of some additive mappings, have
been studied in commutative and noncommutative rings (see [8] and the references therein). LetN be
the set of all nonnegative integers and let D = (di)i∈N be a family of additive mappings on an algebra
A such that d0 = idA. D is called:
(a) a higher derivation if for each n ∈ N,
dn(xy) =
∑
i+j=n
di(x)dj(y)
for all x, y ∈ A;
(b) a Jordan higher derivation if for each n ∈ N,
dn(x
2) = ∑
i+j=n
di(x)dj(x)
for all x ∈ A;
(c) a Jordan triple higher derivation if for each n ∈ N,
dn(xyx) =
∑
i+j+k=n
di(x)dj(y)dk(x)
for all x, y ∈ A.
Note that d1 is a Jordan derivation (resp. Jordan triple derivation) if D = (di)i∈N is a Jordan higher
derivation (resp. Jordan triple higher derivation).
We still adopt the traditional representations. Let us write P =
(
1 0
0 0
)
, Q =
(
0 0
0 1
)
and I for
the identity matrix of the triangular algebra U . For later discussion, we now list out some basic
properties concerning Jordan higher derivations, which are a collection of [8, Theorem 1.3] and [8,
Lemma 3.1].
Lemma 2.1. Let A be an associative algebra over a 2-torsion free commutative ring and D = (di)i∈N be a
Jordan higher derivation from A into itself. Then for all x, y, z ∈ A and each n ∈ N, we have
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(a) dn(xy + yx) = ∑i+j=n (di(x)dj(y) + di(y)dj(x));
(b) dn(xyx) = ∑i+j+k=n di(x)dj(y)dk(x);
(c) dn(xyz + zyx) = ∑i+j+k=n (di(x)dj(y)dk(z) + di(z)dj(y)dk(x)).
Before proving the main result, we need several lemmas.
Lemma 2.2. IfD = (di)i∈N is a JordanhigherderivationonU , thendn(P) = Pdn(P)anddn(Q) = dn(Q)Q
for each n ∈ N.
Proof. When n = 0, there is nothing to prove. When n = 1, this result follows from [13, Lemma 2.2].
We assume that the relations dm(P) = Pdm(P) and dm(Q) = dm(Q)Q are valid for allm < n.
According to the deﬁnition of Jordan higher derivation, we get
dn(P) = dn(P)P + Pdn(P) +
∑
i+j=n
i,j 1
di(P)dj(P). (2.1)
On the other hand,wehave that Pd1(P)P = Qd1(P)Q = 0by theproof of [13, Lemma2.2].Weassert
that Pdn(P)P = 0 for each n ∈ N. Indeed, we assume that Pdm(P)P = 0 for allm < n. Combining this
assumption with (2.1) yields that
dn(P) = dn(P)P + Pdn(P). (2.2)
Left multiplication by P and right multiplication by P in (2.2) leads to
Pdn(P)P = 0.
Similarly, we also have that Qdn(P)Q = 0. Note the fact that QAP = 0 for all A ∈ U . Therefore
dn(P) = (P + Q)dn(P)(P + Q)
= Pdn(P)P + Pdn(P)Q + Qdn(P)P + Qdn(P)Q
= Pdn(P)P + Pdn(P)Q
= Pdn(P)(P + Q)
= Pdn(P)
By the fact dn(I) = 0 for all n > 0, we obtain
dn(Q) = −dn(P) = −Pdn(P)(P + Q) = −Pdn(P)Q .
This gives
dn(Q) = dn(Q)Q . 
Lemma 2.3. With notations as above, then for any A ∈ U , we have
(a) dn(PA) = ∑i+j=n di(P)dj(A);
(b) dn(AQ) = ∑i+j=n di(A)dj(Q);
(c) dn(AP) = ∑i+j=n di(A)dj(P);
(d) dn(QA) = ∑i+j=n di(Q)dj(A).
Proof. (a) By Lemma 2.1 (c) and the fact QAP = 0, we get
dn(PAQ) = dn(PAQ + QAP)
= ∑
i+j+k=n
(
di(P)dj(A)dk(Q) + di(Q)dj(A)dk(P)) .
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Furthermore, it follows from Lemma 2.2 that
dn(PAQ) =
∑
i+j+k=n
(
di(P)dj(A)dk(Q) + di(Q)Qdj(A)Pdk(P))
= ∑
i+j+k=n
di(P)dj(A)dk(Q).
Applying Lemma 2.1 (b) and the above relation yields
dn(PA) = dn(PAP + PAQ)
= ∑
i+j+k=n
di(P)dj(A)dk(P) +
∑
i+j+k=n
di(P)dj(A)dk(Q)
= ∑
i+j+k=n
di(P)dj(A)dk(P + Q) [Note that dk(I) = 0 for k > 0]
= ∑
i+j=n
di(P)dj(A).
(b) Similarly, we have
dn(AQ) = dn(QAQ + PAQ)
= ∑
i+j+k=n
di(Q)dj(A)dk(Q) +
∑
i+j+k=n
di(P)dj(A)dk(Q)
= ∑
i+j+k=n
di(Q + P)dj(A)dk(Q)
= ∑
j+k=n
dj(A)dk(Q).
(c) As for the equality (c), we have
dn(AP) = dn(A − AQ) = dn(A) −
∑
i+j=n
di(A)dj(Q)
= dn(A) − dn(A)Q −
∑
i+j=n
j>0
di(A)dj(Q)
= dn(A) − dn(A)Q −
∑
i+j=n
j>0
di(A)dj(I − P)
= dn(A)P +
∑
i+j=n
j>0
di(A)dj(P)
= ∑
i+j=n
di(A)dj(P).
(d) Let us see the last one.
dn(QA) = dn(A − PA) = dn(A) −
∑
i+j=n
di(P)dj(A)
= dn(A) − Pdn(A) −
∑
i+j=n
i>0
di(P)dj(A)
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= dn(A) − Pdn(A) −
∑
i+j=n
i>0
di(I − Q)dj(A)
= Qdn(A) +
∑
i+j=n
i>0
di(Q)dj(A)
= ∑
i+j=n
di(Q)dj(A). 
Lemma 2.4. For any A, X ∈ U , we have
(a) dn(APXQ) = ∑i+j=n di(A)dj(PXQ);
(b) dn(PXQA) = ∑i+j=n di(PXQ)dj(A).
Proof. (a) Since QAP = 0 for all A ∈ U , AP = IAP = (P + Q)AP = PAP for all A ∈ U . By Lemma 2.1 (a)
and Lemma 2.3 (a) it follows that
dn(APXQ) = dn((PA)(PXQ) + (PXQ)(PA))
= ∑
i+j=n
di(PA)dj(PXQ) +
∑
i+j=n
di(PXQ)dj(PA)
= ∑
i+j=n
∑
e+f=i
∑
g+h=j
de(P)df (A)dg(P)dh(XQ)
= ∑
i+j=n
di(PAP)dj(XQ)
= ∑
i+j=n
di(AP)dj(XQ)
= ∑
i+j=n
∑
e+f=i
de(A)df (P)dj(XQ)
= ∑
i+j=n
di(A)dj(PXQ).
(b) SinceQAP = 0 for allA ∈ U , QA = QAI = QA(P + Q) = QAQ for allA ∈ U .Weget fromLemmas
2.1 (a) and 2.3 (b) that
dn(PXQA) = dn((AQ)(PXQ) + (PXQ)(AQ))
= ∑
i+j=n
di(AQ)dj(PXQ) +
∑
i+j=n
di(PXQ)dj(AQ)
= ∑
i+j=n
∑
e+f=i
∑
g+h=j
de(PX)df (Q)dg(A)dh(Q)
= ∑
i+j=n
di(PX)dj(QAQ)
= ∑
i+j=n
di(PX)dj(QA)
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= ∑
i+j=n
∑
e+f=j
di(PX)de(Q)df (A)
= ∑
i+j=n
di(PXQ)dj(A). 
Now we are in a position to state the main result of this paper.
Theorem 2.5. Let A,B be unital algebras over a 2-torsion free commutative ring R, and let M be a unital
(A,B)-bimodule which is faithful as a leftA-module and also as a right B-module. Then any Jordan higher
derivation from U to itself is a higher derivation.
Proof. Let D = (di)i∈N be a Jordan higher derivation of U . By [13, Theorem 2.1] we immediately get
that d1(AB) = d1(A)B + Ad1(B) for all A, B ∈ U . We now assume that
dm(AB) =
∑
i+j=m
di(A)dj(B)
for all A, B ∈ U and for all 1m < n.
It follows from Lemma 2.4 (a) that
dn(ABPXQ) =
∑
i+j=n
di(AB)dj(PXQ)
= dn(AB)PXQ +
∑
i+j=n
j 1
di(AB)dj(PXQ) (2.3)
for all A, B, X ∈ U . On the other hand, by Lemma 2.4 (a) and the fact BP = PBP we have
dn(ABPXQ) = dn(AP(BPX)Q)
= ∑
i+j=n
di(A)dj(BPXQ)
= ∑
i+j=n
∑
e+f=j
di(A)de(B)df (PXQ) (2.4)
= ∑
i+j=n
di(A)dj(B)PXQ +
∑
i+j+e=n
e 1
di(A)dj(B)de(PXQ).
for all A, B, X ∈ U . Combining (2.3) with (2.4) and using the induction hypothesis, we arrive at⎡
⎣dn(AB) − ∑
i+j=n
di(A)dj(B)
⎤
⎦ PUQ = 0. (2.5)
for all A, B ∈ U . Since PUQ is a faithful left PUP-module, we get
P
⎡
⎣dn(AB) − ∑
i+j=n
di(A)dj(B)
⎤
⎦ P = 0 (2.6)
for all A, B ∈ U . Likewise, we can obtain from Lemma 2.4 (b) that
Q
⎡
⎣dn(AB) − ∑
i+j=n
di(A)dj(B)
⎤
⎦Q = 0 (2.7)
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for all A, B ∈ U . Applying Lemma 2.3 yields
dn(PABQ) =
∑
i+j+k=n
di(P)dj(AB)dk(Q)
= Pdn(AB)Q +
∑
i+j+k=n
j<n
di(P)dj(AB)dk(Q) (2.8)
for all A, B ∈ U . By Lemmas 2.1 (a) and 2.3 it follows that
dn(PABQ) = dn((PA)(BQ) + (BQ)(PA))
= ∑
i+j=n
di(PA)dj(BQ)
= ∑
i+j=n
∑
e+f=i
∑
g+h=j
de(P)df (A)dg(B)dh(Q) (2.9)
= P
⎛
⎝ ∑
i+j=n
di(A)dj(B)
⎞
⎠Q + ∑
e+f+g+h=n
f+g<n
de(P)df (A)dg(B)dh(Q)
for all A, B ∈ U . Combining (2.8) and (2.9), we have by the induction hypothesis that
P
⎡
⎣dn(AB) − ∑
i+j=n
di(A)dj(B)
⎤
⎦Q = 0 (2.10)
for all A, B ∈ U . The relations (2.6), (2.7) and (2.10) lead to
dn(AB) =
∑
i+j=n
di(A)dj(B)
for allA, B ∈ U . This shows thatD = (dn)n∈N is a higher derivation fromU to itself, which is the desired
result. 
As a direct consequence of Theorem 2.5, we obtain
Corollary 2.6 [13, Theorem2.1].With the same assumptions as in Theorem2.5. Then any Jordan derivation
on U is a derivation.
Let D = (di)i∈N be a Jordan triple higher derivation of the triangular algebra U . Note that the fact
d1(I) = 0. A straightforward induction shows that dm(I) = 0 for all m 1. Thus D becomes a Jordan
higher derivation of U . Therefore we get the following corollary.
Corollary 2.7. With the same assumptions as in Theorem 2.5, then any Jordan triple higher derivation on
U is also a higher derivation.
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